Separable algebras have been studied recently by M. Auslander, D. Buchsbaum and Chase-Harrison-Rosenberg. The question of a Galois theory for linear topological rings opposite to the Krull type theory obtained in the above works was raised by H. Rohrl. In this paper, a Galois theory relating the complete subalgebras of restricted type of a complete algebra A to a set of subgroups of a discrete group G of automorphisms of A is developed.
The notion of a linear topological module has been discussed in [1] , [5] , [6] , [7] ; while the concepts pertaining to separables algebras are now available in the monograph [4] for the most part. We employ two results of [3] which we will state below. All rings considered will be commutative with 1. / DEFINITION 0.1 [3] . Two ring morphisms A » 7? are strongly g distinct if, for each nonzero idempotent ee B, there is αei with f(a)e Φ g(a)e. Where B is connected, / and g are strongly distinct if and only if they are distinct.
THEOREM 0.2 [3] . Let G be a finite group of automorphisms of the ring A having (pointwise) fixed ring k. The following statements are equivalent:
( 0 ) A is a separable k-algebra [and the elements of G are pairwise strongly distinct}.
( Proof (0) -(1) -> (2) -> (0) is contained in [3] , Theorem (1.3) , and the implication (2) - (3) is Corollary (3.2) of [3] . We establish (3)-> (2). Let m < A be a maximal ideal and suppose σ e G\{1}. Then the A -algebra A/m is connected, so the two A -algebra morphisms q, σq: A -* A/m are distinct (q is the quotient map), otherwise σ = 1. Hence, there is a e A with a -σ(a) $. m. DEFINITION 0.3 [3] . When any of the equivalent conditions (0)-(3) of (0.2) hold for (A, G), we call {A, G) a Galois extension of k with group G.
Note that when A is connected and (A, G) is a Galois extension of k, (0.2) (3) shows that G the full group of A -algebra automorphisms of A.
DEFINITION 0.4 [3] . Let (A, G) be a Galois extension of k and let B be a subring of A. B will be called G-strong if the restrictions to B of any two elements of G are either equal or strongly distinct. THEOREM 
([3] 2.3). Let (A, G) be a Galois extension of k. Then there is Galois correspondence {g, r) between the set of separable k-subalgebras of A which are G-strong and the set of subgroups of G. If B is a separable G-strong k-subalgebra of A, then g(B): = {σ e G\σ(b) = b for all b e B}. Moreover, if σeG, g(σB) = σg(B)σ' 1 . A subgroup H of G is normal in G if and only ifr(H): -{ae A\σ(d) = a for all σ e H} is a G-invariant subalgebra of A, in which case (r(H) f G/H) is a Galois extension of k with group G/H.
We now pass to linear topological case. DEFINITION 0.6. The ring A with a filter basis of ideals ^(A) has a linear topology with ae A having a basis of neighborhoods the family (α+ U)Ue %S(A), and the pair (A, %f(A)) or briefly A will be called a linear topological ring. A linear topological k-algebra is a continuous ring morphism (fc f mm -^ (A ^{A)). Let (A, F, G) be an extension of K. We will define a group G of continuous A -automorphisms of A (A = lim A/I and Ϋ^{A) = {ker (A -A/I)Ie and show that when (A, F, G) is a quasi-Galois extension of k, then there is a Galois correspondence (g, r) between a specific class of subgroups of G and a class of complete fe-subalgebras of A. Each of these classes is characterized by the quality of their approximations, i.e., we require that their approximations satisfy a specific condition for each IeF.
Since F is a filter basis, the family (G(I)) IeF of groups is cofiltered, and we can form the colimit G: = lim G(I), the colimit being taken over IeF. We denote by g z :G(I)-+G the canonical colimit morphisms; they are injective, and for / <; /' in F yield a commutative diagram: We let H denote the set of all such σ for ΓeF and σeG(Γ) arbitrary. The foregoing diagram shows that each σ is a continuous fc-automorphism of Ά. If σ, τ e H, say σ e G(Γ) and τ e G(τ"), we define στ = μ, where μ = G(Γ, I){σ). G(/", /)(τ) and / ^ Γ, Γ. Since F is a filter basis, /5 does not depend on /, and so is well-defined; moreover, this multiplication makes H a group. 
G(I') -^'-^L G(I)
This shows that the diagram:
is commutative, where μ = G(Γ, I)(σ)G(I", I)(τ~ι). But α 7 is surjective, so we conclude that μ -1, and so
A similar argument shows that g is a group morphism. Finally,
On the other hand, each element α; of G has the form 0 7 (σ) for some IeF, since F is a filter basis. It follows that 
w is continuous, and va z -wtfx -wkjPj = w{uv)a I for each IeF, so passing to the limit again, v = (wu)v. But v is monic, so we conclude that 1 = wu showing that u is surjective. Since u is already injective, u is an isomorphism and we conclude that αefc as desired. (
2) A is a quasi-separable k-algebra, i.e., IeF implies A/I is a separable k/k f] I -algebra.

Proof. Consider the diagram
A
* >A where ί is the canonical limit morphism, and α 7 and a x are the quotient maps. Let m < A be an open, maximal ideal and let σe G\l. We may suppose Ie F is such that m Ξ> ker (α 7 ) and σ = g^σ).
is a maximal ideal of A/I, and σ e G\l shows that there is
Now suppose m is a maximal ideal of A/1 and let a e G(I)\1. Then aγ(m) is an open, maximal ideal of A, and g^σ) -σe G\l. We obtain, therefore, xe A with
If, in addition, IeF implies that A/I is connected, and (0) holds, then by definition A is a quasi-separable fc-algebra. The converse implication follows from (0.2). COROLLARY 
Suppose (A, F, G) is an extension ofk such that for each Ie F, the fixed ring of G(I) is k/k Π I. If the condition (*) below holds, then {A, F, G) is a quasi-Galois extension of k.
( * ) For each fc-algebra B and each pair of continuous fc-algebra morphisms f,g:Ά-^ B, there is a unique σe G such that g = σf.
Proof. Let σeG\l and let m < A be an open, maximal ideal. If a -σ(a) e m for all ae A, then the two fc-algebra morphisms q: A -> A/m and σq agree on A, so by (*) we must have that σ -1 which is a contradiction. We conclude that there is aeA with α -σ(α)£m, and so by (1.6) {A, F, G) is a quasi-Galois extension of k. For I ^ Γ in F we then have a commutative diagram:
where h y h j9 and h v are the canonical inclusions, and J 7 and J\, are the monomorphisms induced by g Σ and G(Γ, I) respectively. PROPOSITION 
The colimit of the family (H I} Jj,) is H with the colimit morphisms being the J 7 .
Proof. We have just observed the compatibility of the family of morphisms J t with the mappings J\, for I <£ /' in F, and it remains to establish their universality. Let x{. H Σ -> X be any family of group morphisms compatible with the mappings
shows that α; is a group morphism, and the equality JjX -Xl for Ie F shows that x is uniquely determined. Hence, J/. H τ -> ίZ" is a colimit for (ίί 7 , Jf,).
Next, let H be a subgroup of G, and obtain the diagram: Then r\,a r = α^αί,. Still using the above diagram, we obtain from the equality τ Γ a Γ = r^ar the relation r r , = r z rj, since a Γ is monic. This shows that the mapping r z : r(ίf) -> r(iί z ) are compatible with the mapping (r z ,)I <J J' in i^7. 
This being true for all small IeF, passing to the limit, we have xσ = x, showing that x must factor through r(H). Let x = ya for some y: X->r{H). y is then unique, since a is monic, and ?/r z α z = τ/αα z = x^i implies that yr I -x τ since a L is monic. This completes the proof.
REMARK. The topology induced by a on r(H) coincides with the limit topology for ker (r z ) = ker (r z α z ) -ker (<ro z ). For the remainder of this section we assume (A, F, G) is a quasi-Galois extension of k.
For each subgroup H of G we are led to a commutative diagram:
where r{H) is the image of aa Σ and r(ίί) z ^ rill^, since σ e H Σ implies e&Ίσ = e 7 α 7 , where e 7 α 7 is the canonical factorization of α 7 through r(ίί) 7 . Since e 7 is surjective, aΊσ = aΊ shows that r(iί) 7 Proof. Since i? 7 = r[g(B) τ ] is the fixed ring of a subgroup of G{I), it follows from (0.5) that J5 7 is a G(i>strong separable k/k Π I-subalgebra of A/1, proving our first assertion. Next, we have the equalities:
by (1.9) However, r 7 is surjective, so a^^ha = a I9 and we conclude that σ~ιhσ 6 Ή.J since gτ(Hj) = iϊ 7 
. Hence, H τ is a normal subgroup of G(I).
Consider the following diagram of groups:
where the rows are exact, r and s are monomorphisms, while t is the unique group morphism making the right square commutative. LEMMA 
If (H\ r, h r ) is a pullback for h and s, then t is a monomorphism.
Proof
Let t{x r ) = 1, then g'(y') = x r for some y ψ e G', and so 9s(y e ) = 1. Hence h(z) -s(y') for some zeH. But since H' is a pullback, there is z' e H r such that r(z r ) = z and h'(z f ) -y r . Therefore, 1 = g'h f {z') = g'{y') = %', and we conclude that ί is a monomorphism. Now suppose H is a normal subgroup of G satisfying condition (1.14). For each I ^ Γ in F we are led to a commutative diagram of groups:
where g 7 and q Γ are the canonical quotient maps, and G/H(F, I) is the map produced by the remainder making the whole diagram commutative with exact rows. Since J\, and G(I', I) are monic, while H Jf is a pullback, it follows from our foregoing Lemma that G/H(Γ, I) is also a monomorphism. 
Thus, we obtain a contravariant monic valued functor G/H: F-> Cr such that IeF implies that G/H(I) = G(I)/Hχ is the Galois group of r(£Γ 7 ) over k/k Π I by (0.5). Finally, the diagram
G/H(F,I)(δ) r(H Σ ) > , r(H Γ ) is commutative for each σeG/H(Γ). For if 5 = #/>(#")> then G/H(Γ, I)(σ) -qj(G(Γ 9 I)(σ)) and the corresponding diagram
Proof. Define F f to be the smallest subset of F such that for each intersection r(H) Π / with Ie F, there is Γ e F r with r
(H) Π Γ = r(H) Π /. Because r(H) has the induced topology, F f is final in %f(r(H)) and our foregoing constructions show that (r(H), F' Π r(H), G/H) is a quasi-Galois extension of k.
2. Examples* In this section we will show how to construct a number of examples of the foregoing material. Two lemmata are useful in this direction. LEMMA 
Let X and Y= {Y i ) ι^I be distinct indeterminants over the ring A. Let fe A[X] be a monic polynomial, and suppose I ^ (A[X]/(f))[Y] is an ideal. Let Γ be the ideal generated by the image of I in A[X, Y] under the canonical inclusion A[X]/(f) c A[X, Y]. Then we have (A[X]/(f))[Y]/I ~ A[X, Y]/(fA[X f Y] + Γ).
Proof We have a commutative diagram: Y] i s with exact rows. Hence, ker(α) = fA [X, Y] 
, If /S is the quotient mapping (A[X]/(f))[Y] -(A[X]/(f))[Y]/I and βa{P) -0, then a(P)e I, so there is
Qe Γ such that a(P)eΓ + fA [X, Y] . Evidently, this latter ideal is contained in ker {aβ), completing the proof.
.., XJ/J be the composition of the evaluation at the point (X lf X 2 , , X n , X n , 0,0, ) followed by the canonical quotient morphism ψ. Clearly,
Example of a quasi-Galois extension.
Suppose A Q is a complete Noetherian local ring with residual field k 0 . Let k 0 < fc x < be a tower of finite Galois field extensions of k 0 with corresponding Galois groups G{kilk Q ).
Since k t is a finite Galois extension of k 0 , we can find a monic polynomial f 1 e A 0 [XJ such that A 0 [-3Γi]/(/i) = A lf where Λ is the reduction of f x modulo j(A 0 ), the Jacobson radical of A o . Following [8] p. 63 we see that A ι = ^[XJ/ί/O is a complete Noetherian local ring which is an A 0 -algebra of finite type; moreover, A x is a Galois extension of A o with Galois group isomorphic to G(kjk o ) in the sense of [3] .
Since k 2 is a finite Galois extension of k u we repeat the above construction obtaining a monic polynomial f 2 e Aj[X 2 ] such that A 2 : = AJXgj/ί/a) is a Galois extension of A x with Galois group G{k 2 jk^).
We have the ring inclusions 
n+1 .
Proof. where A t is a Galois extension of A Q with group G(kJk Q )(i = n, n + 1).
which is injective and satisfies the commutativity criterion of (1.1). Letting F = (I n ) n^ and G:F->Gr be such that G(I W ) = G(fc H /fc 0 ) we obtain a quasi-Galois extension (B, F, G) of Λ>.
2. Another quasi-Galois extention. Let Jζ, < 1^ < be a tower of Galois field extensions (all finite), K n+ί is a finite Galois extension of K n , so jKΓ n+1 = K n [X n+ι 
REMARK. In 1 each term B/I n is a local ring, while in 2 each term A/I n is an integral domain. These are two general classes of connected rings. Later we will give an example of a quasi-Galois extension where the approximating terms are not connected, i.e., have proper idempotents.
Quasi-Galois extensions in rings of continuous functions.
This example is fairly complicated, so / first state the results. Let (Xi) ieI be a cofiltered family of topological spaces such that i ^j in I implies x iά \ X t -> X, is an inclusion for which the identity holds. Let X = linij X i9 and let #*: X t -> X be the colimit morphisms. Then the x τ are injective.
Next, let C: Top -* RIN be the functor assigning to each topological space X, the ring of continuous real valued functions with domain X, where Top denotes the category of topological spaces.
Now suppose {G % ) iBI is a cofiltered family of groups such that i ^ j implies g^: G t -> G 3 is the monomorphism, and let G = lim z G t with g i :G ι -*G being the canonical colimit morphisms. The g t are injective. We will suppose that G t acts continuously on X i9 G t : X t -* X u in such a way that for i <£ j in I we have a commutative diagram for all σ e G % :
LEMMA 2.5. G αcίs continuously on X, and if geG, there is le I for which g t {o) -g and the diagram below is commutative:
Due to the foregoing assumptions we obtain commutative diagrams:
for i ^ j in /, where Xi/G τ is the space of (-^-orbits of X t with the quotient topology, while q x is the canonical quotient morphism. A more general result than (2.4) is the following:
where qj, = x,qf and q:X->X/G is the quotient map. (
) (C(X), F, H) is a quasi-Galois extension of C(X/G), where F = (ker [C(X) -C(X t )]) teI and iϊ(ker [C(X) -C(X t )]) -G,.
Proof. Draw the diagram: 
for all x e X t and σ eG t . Since X t is compact and G % acts without fixed points, it follows from (0.2), (2) , that C(X,)-> C(XJ is a Galois extension with group G τ . Moreover, we have for i ^ j in /, a commutative diagram
C(X<) -^^ dX,): G< C(σ)
since the corresponding diagram omitting the C's is commutative.
Letting U(C{X)) have as filter basis the family F = (ker [C(X) -/ we see that (C(X), H, F) is a quasi-Galois extension of
As example of such a situation as described above, let, for each n*zl,X n be the topological coproduct of 3 n copies of [0, 1] , and let G n the cyclic group of order T acting on X n by permuting the summands. G n acts continuously and has no fixed points, while X n is compact. We have lim^ G n = Z(3°°) and lim wέl X n is simply the coproduct of a countable number of copies of [0, 1] , where we interpret always X n ^ X n +i and G n ^ G n+1 . It is clear that the diagrams following (2.4) and (2.5) are commutative, and that the conditions (a)-(c) are fulfilled in this case.
We will now prove assertions (2.4), (2.5) , and (2.6).
Proof. For each i ^ j in /, we have by definition a commutative
If (/i)te/€ lim C(Xi), then for i ^ j we have a diagram
1"
so there is a unique f:X->R such that Xif = fi for ie/. This shows that f -+(Xif) iBF is bijective, and the uniqueness guarantees that this mapping is a ring morphism.
LEMMA 2.5. G αcίs continuously on X.
Proof. G is formed by taking colimits of diagrams like: Proof. Let 7/^: -X^/G* -> F be such that x^y,--y t for i t^j in /. Then composing q t : X t -> X^/G^ with ^ yields a family {qty^i BI compatible with the Xiji Xi->Xj for i ^j. Hence, there is a unique y: X-> 3Γ such that x t y = g^ for ie I by (2.4) . Next, let geG, say # = g^σ) for <τ e G(i). We then have the equations: x 3 gy -g i3 (p)x 3 y = x 3 y since y is constant on G r orbits of X h i.e., x ά y -Qjy 3 . Passing to the colimit over j ^ i, we get gy = y showing that y is constant on G-orbits of X. Hence, there is a unique y: X/G -> Y such that y = qy. Since #i is surjective and q i y i = x τ y = x % qy = q % xy, we conclude that y % = x t y for all ie/. Thus, the mapping f -+ (%if) ie i is bijective and as before the uniqueness assures that it is a ring morphism. Let (A, F, G) , a n )e A^k/k π I), proving (a). Next, let (x x ), (y t ) be two families of elements of A/I such that ΣΐS* σ(y τ ) = δ lσ for all σ e G(I). Such exist by (0.2), (1). Then we have Σi Λ(«i)^(^)(Λ(2/i)) = JiϊΣiWiVi)) = 4i(δ lσ ) = 3 U{σ) = δ lκA [σ) ; hence, (b) holds using (0.2), (1), again.
A non-connected quasί-Galois extension.
There is an evident group morphism K{Γ) -> K{I) extending G(Γ) -> G(I) which is monic. We denote the so generated functor by K: F {n) -> G, and obtain a quasi-Galois extension (A n y F
[n \ K) of k such that (A/I) n is not connected.
